AIAA JOURNAL

Vol. 45, No. 8, August 2007

Multi-Objective Pareto Concurrent Subspace Optimization

for Multidisciplinary Design

C.-H. Huang*

Industrial Technology Research Institute,
310 Hsin Chu, Taiwan, Republic of China
and
J. Galuskif and C. L. Bloebaum#
University at Buffalo, Buffalo, New York 14260

DOI: 10.2514/1.19972

Most real-world design problems are complex and multidisciplinary, with almost always more than one objective
(cost) function to be extremized simultaneously. The primary goal of this research is to develop a framework to
enable multi-objective optimization of multidisciplinary design applications, wherein each discipline is able to retain
substantial autonomous control during the process. To achieve this end, we have extended the capability of the
concurrent subspace optimization method to handle multi-objective optimization problems in a multidisciplinary
design optimization context. Although the conventional concurrent subspace optimization approach is easily able to
deal with multi-objective optimization problems by applying the weighted sum approach, the main disadvantage is
that the weighted sum cannot capture Pareto points on any nonconvex part of the Pareto frontier. Moreover, an
aggregate objective function simply cannot reflect the true spirit of the concurrent subspace optimization method,
which was developed to allow groups of specialists to independently have more control over their own design criteria
and goals, even while maintaining system level coordination. In this paper, the multi-objective Pareto concurrent
subspace optimization method is proposed in which each discipline has substantial control over its own objective
function during the design process, while still ensuring responsibility for constraint satisfaction in coupled subspaces.
The proposed approach is particularly useful given the realities of geographical distribution, computational
platform variation, and dependence upon legacy codes within individual disciplines that so predominates the design
of large-scale products such as aircraft and automobiles. As part of the multi-objective Pareto concurrent subspace
optimization method developed here, it is demonstrated that the endpoints of the Pareto frontier can be easily
identified, together with an ability to generate Pareto points within prescribed limits to ensure a reasonably even
distribution across the entire frontier. The approach is validated (using three multidisciplinary design optimization

test problems) against Pareto frontiers generated using the weighted sum approach.

Nomenclature

Cy = cumulative constraint associated with Kth subspace

cY = current value of Cy at start of cycle

exi = effectiveness coefficients for Kth subspace and ith
design variable

Fy = objective function associated with Kth subspace

Fgys = composite weighted system level objective
function

FY = current value of Fy at start of cycle

re = responsibility coefficient in the Kth subspace
associated with the Pth cumulative constraint

T; = prescribed target for ith objective function

X ksub design variables allocated to the Kth subspace

€ = range threshold parameter

App = Lagrange multiplier for F constraint in
Pth subspace

Acp = Lagrange multiplier for C constraint in Pth subspace
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P = cumulative constraint parameter

Introduction

N RECENT years, industry has paid more attention to the

formalization of complex system analysis and design (i.e.,
aircraft, automotive, and electronics industries, etc.) by seeking
better ways to improve efficiency in the design process to meet time,
cost, and quality demands. Multidisciplinary design optimization
(MDO) has emerged as an engineering discipline that focuses on
development of new design and optimization strategies for complex
systems [1]. MDO problems, such as are found with automobile and
aircraft design, involve interactions among several disciplines,
which substantially complicate the design process. Hence, MDO
researchers strive to reduce the time and cost associated with this
“coupled interaction.” Decomposition approaches provide many
advantages for the solution of complex multidisciplinary problems,
as they enable a partitioning of a large coupled problem into smaller,
more manageable and tractable subproblems. The resulting
computational benefits, besides the obvious one associated with
the solution of smaller problems, include creating a potential
distributed processing environment. The primary benefit, however,
pertains to the savings in person hours, because groups are no longer
required to wait around for other groups in the process to complete
their design tasks.

Sobieski’s landmark work in 1990 developed and presented the
global sensitivity equation (GSE) method [2], aimed at providing
total derivatives for nonhierarchic (i.e., coupled) systems. The
feasibility and viability of the GSE was first demonstrated in [3,4].
Once the total system derivatives are found using the GSE, they can
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Fig. 1 General MDO design synthesis approach (MDF).

be used in a variety of MDO approaches to perform a
multidisciplinary optimization for a coupled system. The general
multidisciplinary design synthesis approach, as typified in a
multidisciplinary feasible (MDF) [5,6] formulation, is illustrated in
Fig. 1. Here, a coupled system analysis is performed at every cycle of
the process, followed by a system level optimization in which
sensitivity-based approximations are commonly employed. This
MDF formulation assumes a single system level objective with a set
of system level constraints and design variables.

The MDF [35,6], all-at-once (AAO) [3,6], individual-discipline
feasible (IDF) [5,6], collaborative optimization (CO) [7,8], and
concurrent subspace optimization (CSSO) [9,10] approaches are the
major formulations that have been identified for posing and solving
large-scale complex MDO problems. The primary differences in the
MDF, AAO, and IDF formulations pertain to how often the full
system analysis must be implemented. All these approaches assume
a single system level objective function, although a couple of these
have been extended to address multiple objectives.

The CSSO and CO approaches are two key architectures
developed to support a collaborative multidisciplinary design
environment through the use of distributed design optimizations
among the different disciplinary groups. Another similar approach is
the bilevel integrated system synthesis (BLISS) [11], which
alternates between disciplinary problems, dealing with a set of local
design variables and a system level optimizer, which deals with
system level design variables. CSSO and CO were developed to
mimic the design process in a design organization where tasks are
distributed among groups of specialists. Hence, both methods enable
the disparate disciplinary design teams to have a substantial degree of
autonomous control. In CSSO, each subspace optimization
minimizes the system objective function subject to its own
constraints as well as constraints contributed from the other
subspaces, with a system level coordination optimization procedure
whose goal is to update coupling parameters. In CO, each subspace
or disciplinary subset minimizes the difference between local design
variables representing disciplinary couplings and target coupling
values, subject to local constraints, with a system level optimizer as a
separate coordination procedure. However, CO is most suitable for
loosely coupled MDO problems, because the CO problem
formulation size increases dramatically with coupling density
[12,13]. Conversely, the number of auxiliary design variables (i.e.,
responsibility and tradeoff variables used in the subspace problem
formulations) introduced in CSSO only depends on the number of
disciplines. Moreover, with CSSO’s design variable allocation
feature, the subspace optimizations are performed concurrently with
respect to a disjoint subset of design variables, which substantially
reduces the complexity of the optimization problem within each
disciplinary group. This provides designers a significant potential
benefit in terms of computational effort. Both the CSSO and CO
methods were developed initially for a single objective system level
MDO problem.

The reality, however, is that use of a single objective function is
typically a forced fit in multidisciplinary design optimization
applications. Generally, there is a set of conflicting objective
functions. Rather than forcing some of these functions to be
represented as constraints, it would be preferable to use a multi-
objective optimization approach in which the distributed environ-
ment that inherently exists can become an advantage, rather than a

bottleneck. This is the goal in developing the multi-objective Pareto
CSSO (MOPCSSO) method in this paper.

MOP Background

The solution of multi-objective optimization problems (MOPs)
yields a set of equally good optimal points, based on the optimization
criteria specified. These points are considered Pareto optimal points,
the set of which defines the Pareto frontier. Ultimately, from a design
perspective, a single point must be chosen as the best or most
acceptable solution, which will then lead to development of a
product. This choice requires human preferences and decisions.
Therefore, it is essential to provide as many alternative solutions as
possible to aid this decision making. Hence, the main goal in MOP is
to generate sufficient Pareto points (i.e., capture the completeness of
the Pareto frontier) so as to allow designers to make rational
decisions. There are two ways in which the Pareto frontier becomes
important for design. First is the generation of the Pareto frontier and
second is the selection of a single design point or small set of points
on the Pareto frontier to represent the final best design.

MOPs, in contrast to single objective problems, involve some set
of objectives that might be cooperative or competitive in nature.
Typically, the case of competitive objectives is the most interesting
in the research field of MOP, because the choice of an “acceptable” or
“best” solution relies on the tradeoffs of the objective functions,
which ultimately depends on human preferences and decisions.
Moreover, most engineering design problems can be categorized into
this type of MOP (e.g., automobile design, aircraft design, etc).
Certainly, MDO problems do, given the coupled nature of the
disciplines involved.

Competitive objectives in a MOP always result in a set of solutions
termed Pareto optimum solutions, wherein no one solution is
superior to the others. The concept of Pareto optima was first
introduced by Vilfredo Pareto in the early 1900s [14]. Mathemati-
cally, for minimization problems, the MOP can be formulated as
follows:

min Fi(X) i ,

Lp
st. g(X)<0 j=1m (€]
h(X)=0 k=11

where p is the number of objective functions, m is the number of
inequality constraints, and / is the number of equality constraints. A
feasible point X* is said to be a Pareto optimum (or strong Pareto
optimum) if and only if there is no other feasible point such that
F;(X) < F;(X*) for all objective functions and F;(X) < F;(X*) for
at least one objective function. Therefore, the Pareto optimum
always gives a set of solutions instead of one solution, with the region
defined by the Pareto optimum called the Pareto frontier. The
necessary conditions for Pareto optimality for a multi-objective
problem are referred to as the Karush—-Kuhn-Tucker (KKT)
conditions [15].

There are many methods available to solve multi-objective
optimization problems, and they can be classified as either heuristic
based or quantitative based. Heuristic-based methods (non-
derivative based) include the multi-objective simulated annealing
method [16,17] and the multi-objective genetic algorithm method
[18-21], among others. Quantitative-based methods (derivative-
based) include the weighted sum method [22], the goal programming
method [23,24], the compromise programming method [25], the
min-max method [26], the constraint method [27], and the physical
programming method [28,29], to name a few of the key methods. The
main disadvantage of the weighted sum method is that it is unable to
capture Pareto points on the concave part of the Pareto frontier. The
constraint method is able to capture any Pareto point on both the
convex and nonconvex Pareto frontier but a drawback is that
designers must have a priori knowledge of the suitable range of
values for the ¢ parameter used in the formulation, which is generally
not possible. The compromise programming method is also able to
capture any Pareto point on both the convex and nonconvex portions
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of the Pareto frontier. In this approach, however, the utopia point
must be known to solve the MOP, requiring additional computational
effort. If the computational effort is not extremely expensive, finding
the utopia point may prove to be worthwhile because this information
is often useful as a reference and can contribute to the generation of
an evenly distributed Pareto frontier [29].

There have been several efforts to extend MOP applications to
MDO problems. Among these is the multi-objective collaborative
optimization method [30,31], the multi-objective multidisciplinary
genetic algorithm (M-MGA) method [32], and the interactive multi-
objective optimization design strategy (iMOODS) [33]. There have
been a few approaches developed for multi-objective collaborative
optimization, including a genetic algorithm based approach (M-
MGA) [32]. These approaches retain the same drawbacks of the
single objective CO method, in that problem size increases with
increased numbers of couplings. The iMOODS approach
incorporates designer preferences interactively through the use of
Pareto sensitivities. The designer is guided along the Pareto frontier
based on objective function tradeoffs. This will yield a single Pareto
point that already reflects designer preferences, but does not provide
flexibility for making changes in preferences after selection.

None of these methods can easily deal with the challenging issues
of 1) highly coupled MDO problems; 2) separate but coupled
disciplinary groups; 3) a desire to avoid the need for a priori
knowledge for parameter setting at the MOP level; and 4) a desire to
capture the entire Pareto frontier, including nonconvex regions, to
foster flexibility in later tradeoff studies. The proposed MOPCSSO
deals with all these issues.

As previously mentioned, the choice of the best or most acceptable
among the Pareto solutions in a MOP usually involves a human
decision. Hence, depending on the participation of designer’s
preferences in the optimization process, these methods can be further
classified into four different categories, as follows: 1) the no
preference methods (never establish preferences); 2) the priori
methods (preferences set before implementation); 3) the posteriori
methods (preferences implemented after optimization); and 4) the
interactive methods (preferences set during implementation) [34].
Here, the proposed MOPCSSO is categorized as a no preference
method. It would be used to populate the Pareto solutions using a
collaborative multidisciplinary design environment wherein
distributed design optimizations are performed among the different
disciplinary groups. It should be noted that MOPCSSO is an
objective driven approach because the final Pareto solution is heavily
dependent on the initial objective function values. This is easily
addressed through the implementation of a forced Pareto solution
distribution approach. Further, the capability of capturing any point
on the Pareto frontier is a basic requirement for solving MOPs.

In the research field of MOP, the GA-based evolutionary
algorithms have been widely adopted to populate the Pareto frontier
because they are able to generate a set of Pareto solutions after a
single run of optimization. However, these algorithms are considered
inefficient and computationally costly. Moreover, their performance
highly depends on the appropriate setting of internal parameters that
are often problem dependent (such as population size, sharing factor,
fitness assignment, penalty coefficients, etc.) [19,20]. Although
derivative-based methods must perform a series of separate runs to
generate sufficient Pareto points, they are easier to apply and the
solutions are generally more accurate.

In this work, the CSSO method is used as an enabling structure to
develop the multi-objective Pareto concurrent subspace optimization
method that can be used to populate a Pareto frontier for a complex
MDO problem. The next section presents a brief overview of the
CSSO method, as a lead into the MOPCSSO development that
follows. Validation results are presented for the method to
demonstrate its viability and efficacy. The Conclusions section
follows the discussion of results.

CSSO Method Background

Sobieski first proposed the subspace optimization method in 1988
[9], and the method was further developed and subsequently named
the concurrent subspace optimization method [10]. Renaud [33-35]
developed a second-order variant of the GSE method and an
alternative potential coordination procedure for the CSSO method,
as well as response surface based representations and shared design
variable strategies, among other investigations. In this study, the
original CSSO method of [9,10] is used for the development of the
multi-objective Pareto concurrent subspace optimization method.

The CSSO method allows a complex coupled system to be
decomposed into smaller, temporarily decoupled subspaces, each
corresponding to different disciplines. Subsequently, the optimiza-
tion in each of these subspaces can be achieved concurrently.
Therefore, the CSSO method is particularly suited to applications in a
design organization where tasks are distributed among different
analysis groups. The flowchart of the CSSO method is shown in
Fig. 2.

Design variables are initially distributed among disciplinary
groups according to historical precedence. Each group that has
responsibility for a subset of the design variables initializes them
according to their experience and prior practice. After a system
analysis convergence, the GSE is used to find system derivatives. On
the first pass of the method, design variables are reallocated to the
most appropriate subspaces (i.e., wherein they have the greatest
impact). Although the design variables could remain with the
disciplinary groups that originally claimed them, the reality is that the
multidisciplinary nature of the optimization problems often results in
variables having a greater impact, through the inherent couplings that
exist, in a different discipline altogether. Reallocating variables to the
subspaces where they have the greatest impact on both objectives and
constraints enables them to achieve the greatest reduction in the
function possible while maintaining constraint satisfaction. Further,
if a variable is incorrectly allocated to a discipline where it has an
inherently limited design freedom (i.e., due to only a very small
impact on the objective function and constraints), it is possible that
constraint feasibility might not be able to be achieved, with a
resultant lack of ultimate method convergence. Although it may
seem initially that this limits the degree of autonomy for each
participating discipline, it actually has little impact. Design variables
still reside in their original discipline for the system analysis and
sensitivity analysis phases. The reallocation is only within the
subspace optimization phase of the method.

Following design variable allocation, coefficients of responsibility
(r), tradeoff (f), and switch (s) are determined, which are
subsequently used to enable individual disciplines to perform
subspace optimizations simultaneously. The r coefficients capture
each subspace’s responsibility for satisfying constraints contained in
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Fig. 2 Flowchart of CSSO method.
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other subspaces. In other words, because it is a coupled problem for
which design variables have impact in multiple disciplines (i.e.,
subspaces), but for which they have been allocated to only one, it is
recognized that they still have a responsibility for satisfying the
constraints of other subspaces. The ¢ coefficients signify a potential
for trading off constraint violations in some subspaces, as long as
there is oversatisfaction in others, in order to achieve a significant
objective function savings that might not otherwise be obtained. The
s coefficients switch the formulation from a responsibility to a
tradeoff representation, as both cannot be implemented simulta-
neously. The constraints are represented within each subspace by a
cumulative constraint formulation, denoted by Cy, which essentially
represents an envelope function [36]. A parameter o is used to
identify to what degree the cumulative constraint represents all the
constraints or some subset of the most active or violated constraints.

Following the subspace optimizations are update and system level
coordination procedures, including a coordination optimization
problem (COP) in which new values of the parameters (r, s, and ) are
determined, based on optimum sensitivity analysis (OSA)
information. Hence, the CSSO method permits a substantial degree
of autonomous control within each discipline while still maintaining
a crucial coordination through the use of the coordination
parameters. This optimization process continues until system level
optimal convergence is achieved.

What is particularly attractive about the CSSO formulation for
multidisciplinary design optimization is the significant degree of
autonomy that is possible within each subspace. The CSSO method
structure lends itself readily to a multi-objective optimization
formulation, which would be philosophically just a further extension
of such autonomy. In the next section, MOPCSSO method is
developed.

MOPCSSO Method Development

In the CSSO method, design variable allocation and responsibility
coefficient determination are the two crucial factors that affect the
system feasibility after system decomposition. The design variables
are assigned to the subspaces where they have the greatest impact.
They may stay in that subspace until the end of the optimization
process or they may be reallocated during the process depending on
changing priorities. The implementations of the OSA and COP
procedures have two significant purposes. One is to meaningfully
update the responsibility and tradeoff coefficients (which represent
the changing priorities). The other is to legitimize the design variable
allocation. Because the goal of this work is to enable each
disciplinary group to use their own objective function, without using
a weighted sum approach to combine the objectives across
subspaces, a system level objective function is no longer desirable or
usable. Hence, it is not suitable to perform the OSA and COP, as
originally developed, in a multi-objective MDO problem.

To replace the OSA and COP, three strategies have been adopted
to modify the original concurrent subspace optimization method so
as to prepare it for multi-objective formulations. It must first be noted
that the tradeoff coefficients are eliminated in this formulation, since
all tradeoffs will now occur directly with minimization of individual
objective functions. The three modifications required to prepare
CSSO for a multi-objective formulation (using responsibility
coefficients only) include 1) the development of new design variable
allocation and responsibility coefficient update procedures, because

OSA and COP are no longer used; 2) the development of a procedure
for updating cumulative constraint parameter o, which is critical for
establishing responsibility coefficient values; and 3) the develop-
ment of a procedure for ensuring the reduction of constraint
infeasibilities before subspace optimizations, so as to ensure smooth
convergence. The flowchart for the MOPCSSO is shown in Fig. 3. A
description of the development associated with each of the three
modifications follows.

Design Variable Reallocation and Responsibility Coefficient
Determination

The purpose of the OSA and COP procedures in CSSO is to find
new values for the coordination coefficients for use in the next
optimization cycle. Because the OSA and COP procedures require a
system level objective function, these must be replaced with a new
mechanism for updating the responsibility coefficients required in
MOPCSSO. Hence, the most straightforward approach is to
reinitialize them at each cycle. This is substantially less of a
computational cost than the OSA and COP procedures would be.
However, to reinitialize the responsibility coefficients, it is critical
that the design variables are always allocated to the subspaces where
they have the greatest impact. Therefore, in this formulation, design
variables are allocated at every cycle. There is only a minimal impact
on computational efficiency because the needed derivative
information for computing the effectiveness coefficients is already
obtained after the GSE method. In actuality, the increased
computations required to allocate design variables at every cycle are
easily balanced by the fact that the OSA analysis and COP
suboptimization process are no longer implemented.

Because MOPCSSO deals with individual objective functions
concurrently, a new strategy for finding effectiveness coefficients
[36] is developed to allocate the design variables appropriately.
Clearly, with the newly added auxiliary function constraints, the
impact of design variables with respect to each subspace must be
quantified such that the effect of all objective functions in Eq. (2)
should be accounted for. Hence, in this research, effectiveness
coefficients corresponding to the Kth subspace are defined as
follows:

dCy/dx, - o
ki = = i=1n
B RS dF/dx;
where NSS is the number of subspaces and 7 is the total number of
design variables in the system. Through a comparison of all eg;
coefficients, design variables can be allocated appropriately to the
subspaces upon which they are determined to have the greatest
impact. This is important for the update of the responsibility
coefficients as well.

Update of the p Parameter

An inappropriate selection of p in the cumulative constraint
formulations [36] within the subspace optimizations might lead to
premature convergence. Hence, a simple modification strategy is
developed and adopted here. In this research, p starts from a small
value and increases in a user-defined step size when the design meets
the criteria for updating p. The main reason to take such an approach
is that, in the early stages of the optimization process it is desirable to
have as much information as possible taken into consideration. This
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allows designers to not only capture the integrity of the optimization
problem but also find the appropriate search direction. Hence, a
smaller value of p initially allows more constraints to impact the
optimization process, which then fulfills the intent stated above. As
the optimization progresses, the value of p increases such that the
critical constraints dominate the cumulative constraint. This then
allows the optimization to proceed in the most effective direction.

Infeasibility Minimization

In connection with the responsibility coefficients, each subspace is
responsible for reducing the violated cumulative constraints from the
other subspaces. Because move limits are also typically imposed, a
constraint minimum may not always be obtained at the completion of
a subspace optimization due to the cumulative constraint violation
from other subspaces. This can occur due to the way in which
responsibility coefficients are assigned to each subspace. Because
only the maximum sensitivities associated with each cumulative
constraint are taken into consideration, the responsibility coefficients
may not thoroughly reflect the responsibility of the allocated design
variables toward other subspaces. An infeasible starting point is more
likely to make this occur. Therefore, it is critical to devote some effort
to generating a feasible (or at least less infeasible) starting point.
Here, we choose to directly minimize the constraint infeasibilities (i.
e., an unconstrained minimization with penalty-type objective
function) [20], so that a feasible point is the one that will result in an
objective function value of zero.

Subspace Optimization Problem Statement

In addition to the three modifications previously described, the
more subtle modification in this development effort is in the
definition of the subspace optimizations, which now have unique
objective functions within each subspace and which incorporate the
other subspace objective functions as constraints in such a manner
that Pareto optimality can be assured. In MOPCSSO, objective
functions from other subspaces are introduced as constraints during
the subspace optimization phase in the sense that the solution path
will satisfy the concept of Pareto optimality (i.e., implementing any
objectives without worsening the others). The general form for the
Kth subspace optimization can be represented as follows:

min  Fg(Xgqp)
St Cp(X) = CH(1-1%)
FP(XKsub) = F?’

P=1,NSS 3)
P=1,NSS&P #K

where NSS is the number of subspaces and X, represents the
design variables allocated to the Kth subspace. As an example,
therefore, the MOPCSSO subspace formulation for a generic
biobjective problem, with subspaces A and B, is stated as follows:

Subspace A Subspace B
min = Fa(Xagun) min  Fp(Xpaun)

st Ca(Xpa) < 03(1 - rg) st Ca(Xpap) < cg(1 - rg)

Cp(Xysup) = Cg(l - "f\) Cp(Xpggup) = Cg(l - rg)
Fp(Xaa) < F Fu(Xpgp) < F§

“4)

It is conceivable that there might be a desire or need for multiple
objectives within a single subspace, rather than a single objective.
The MOPCSSO structure could certainly handle this because the
autonomy enables the different subspace groups to implement
whatever optimization routine they might want. If subspace A had
two objectives, for instance, that group might run any standard MOP
approach. However, they would need to eventually have a single set
of values for the design variables allocated to that subspace. This
means that preferences would have to be implemented within that
subspace optimization to find a single Pareto point so that design
variables, X4, could be used as a starting point for the next cycle.

The autonomy enabled by the MOPCSSO structure provides this
type of flexibility within subspaces.

It should be noted that any optimization method used to solve these
subspace optimization problems should include normalization to
avoid any magnitude disparities related to the variables, objectives,
and constraints. In addition to limiting the feasible design space,
constraints also serve as a supplementary guidance for the search
direction. In MOPCSSO, the improvement of each objective
function depends more on its own subspace optimization rather than
the imposed auxiliary objective constraint in other subspaces. The
imposed auxiliary objective constraints in the other subspaces are
simply acting as guidance for seeking the optimum in that subspace
optimization. As a result, after the completion of subspace
optimizations, the imposed auxiliary objective constraints should at
least maintain their current value but will not necessarily be
improved. In other words, the tradeoffs among different disciplinary
objectives occur based on the current objective values. This is easily
demonstrated if one considers an approximation on each objective
function within each of the two subspaces defined in Eq. (4). Using a
first-order Taylor series expansion (TSE), with respect to the design
variables within subspace A, we obtain the following expressions as
an extension of Eq. (4).

dF
FA(XZsuh) = F?l + dX - *(X;‘:sub - ngub) = Fz(‘?x (5)
Asub ngub
dF
FB(XXsub) = F% + - >k(XZsub - X?&sub) = F% (0)
dXAsub ).

Asub

With regards to the design variables in subspace B, we obtain the
following extensions to Eq. (4):

dF
FB(XZsuh) = Fg + . *( ZSub - X%sub) = Fg (7)
X Ixq,,,
dF,
FA (Xzsub) = Fg + : >k()(;sub - X(l)i‘sub) = Fg (8)
dXBsub X'}gmh

In Egs. (5-8), X}, and X}, are the design variable values
allocated to subspaces A and B, respectively. Hence, it follows, given
that Egs. (5-9) hold for the allocated variables and both functions,
that the following relations hold for the set of system variables:

Fi(Xiys) < FS and  Fp(Xiys) < F% )

where Xy is the vector containing the new design variable values
from both subspaces.

Hence, in the MOPCSSO formulation, the subspace optimization
phase improves all objective functions simultaneously or at least
improves any individual objective function without worsening any
other. Therefore, a Pareto optimum will be obtained at the successful
conclusion of the optimal design process. Further, given the fact that
it retains much of the behavior of the constraint method, it has the
ability to find any Pareto point on both convex and nonconvex
portions of the Pareto frontier. Moreover, as mentioned earlier, a
Pareto optimum can be theoretically verified by the KKT conditions.
In MOPCSSO, the subspace optimizations are performed
concurrently and independently with respect to a disjointed subset
of design variables. Hence, the application of the KKT conditions
toward the MOPCSSO method will hold. One can note that each
subspace optimization in MOPCSSO is similar in concept to the
constraint method [37]. Therefore, the KKT conditions, as applied in
the constraint method, can be carried out in each subspace in
MOPCSSO. The KKT condition for the kth subspace can be
represented, for our purpose, as
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NSS
VFK(X;(sub) + Z )‘FPVI:FP(XKsub) - F%:I
Pk
NSS
+ )‘CPVCP(X;F(sub) =0
P=1
(10)

AFPV[F,,(X;;Sub) — Fg] -0 P#£K
AerVCp (X)) =0
App >0, Aep 20, Xksub € S

where NSS is the number of subspaces, X g, represents the design
variables allocated in the K'th subspace, and S represents the feasible
region.

The MOPCSSO method presented here will yield Pareto
solutions, is capable of capturing any Pareto point on both the convex
and nonconvex Pareto frontier, enables each disciplinary group to
have substantial autonomy through implementation of their own
objectives and constraints, and requires no a priori knowledge.
However, the final Pareto solutions obtained by MOPCSSO are
dependent upon the initial design variable values [and, by extension,
objective function values, as shown in Eq. (9)]. To address the issue
of ensuring an evenly distributed Pareto frontier, together with an
assurance of capturing the entire frontier, two additional
developments to the method are made. First, we show that it is
easy, using the MOPCSSO framework, to obtain endpoints of the
Pareto frontier. Then, we present an approach for partitioning the
frontier so as to force Pareto solutions to fall within prescribed
performance regions, thereby ensuring a reasonably even
distribution of points along at least one function.

Pareto Frontier Endpoint Determination

A completely represented Pareto frontier is one that is neither
under- nor overrepresented. To produce a frontier of this nature, it is
required to have the entire range of the objectives known, thus
requiring the identification of the Pareto frontier endpoints. Recall
that the MOPCSSO subspace optimizations contain disjointed
subsets of design variables, with the effect from the other subspaces
represented in the form of the auxiliary objective function constraints
yielded from other subspaces. For the biobjective example
previously discussed, the auxiliary constraint in subspace A requires
that an improvement (or no worsening) in objective function B must
be attained during each design cycle. A similar requirement exists in
subspace B. To identify the endpoints of each subspace, however, it
is not necessary to force the auxiliary objective function constraints
to be satisfied. It is only necessary to identify, independent from the
other objective functions, the minimum value corresponding to the
objective function under investigation. Hence, one would implement
the following subspace optimizations to identify the endpoints,
which corresponds logically to the minimum values of each separate
objective function. The next issue pertains to identifying the
corresponding maximum values.

Subspace A Subspace B
min  Fy (X ) min  Fg(Xpa)

st Cy(Xpup) < cg(l - rj{) st Cu(Xpa) < cg(1 - r;;)
CoXpun) < (1) | CuXpu) = (1= 15)
(1D

Locating the maximum values for each individual objective
function simply means locating the maximum for each individual
objective that corresponds to the minimum for some other objective
(given the competing nature of the objectives). Figure 4 shows this
concept quite clearly for a biobjective problem.

For a problem with more subspaces (i.e., objectives), a simple
extension is made, as is done in the normalized normal constraint
method [31]. Consider a three-objective optimization problem as
shown in Fig. 5. In each individual subspace optimization, the
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Fig. 4 Two-objective endpoint identification.

Subspace A Subspace B Subspace C
Max F, Max F,
Max F, Max Fy
Max F, Max F

Fig. 5 Three-objective generic endpoint identification.

optimization algorithm locates the local minimum objective function
value (i.e., min F, in subpace A, min F in subspace B, and min F'
in subspace C). Within subspace A, the minimization will yield
associated maximum values of Fp and F.. However, another
maximum value of Fjp is also produced from the subspace C
minimization, while a second maximum value of F is yielded from
the subspace B minimization. Only one of the maximum Fs will be
the true maximum for that particular function. It then becomes a
simple approach to compare the two and choose that which is greater
for the true maximum Fp (with a similar comparison to choose F).
This approach is easily extensible to an arbitrary number of
subspaces (i.e., functions).

Ensuring a Distribution of the Pareto Frontier

Recall that the Pareto frontier is the set of all candidate solutions
that are deemed optimal for a particular design problem. Therefore, it
is necessary to allow the designers to have the most complete frontier
available from which to subsequently select the final design that will
be developed into the product. With the Pareto endpoints easily
identified using MOPCSSO, it is now possible to produce a Pareto
frontier that is neither over- nor underrepresented.

Previous work suggests that an evenly distributed Pareto frontier is
achievable through implementation of constraints during the process
to limit the ranges of the objective functions [29]. In Huang and
Bloebaum [38], the multi-objective range and target concurrent
subspace optimization (MORTCSSO) method is introduced which
allows for designer’s preferences in the form of objective function
ranges and targets to be taken into account during the subspace
optimizations. The MORTCSSO method is formulated with its
foundation similar to that of goal programming (GP). Essentially, GP
accounts for the addition of the designer’s preferences through
imposing an additional constraint into the optimization problem.
Upon specifying a certain value the designer considers desirable (i.e.,
the goal), the objective function will then attempt to minimize the
deviations between the goal and the specific objective function.
Mathematically, this can be expressed as Eq. (12), where T;
represents the specific goal set by the designer for the ith objective
function. In this research, ensuring the even distribution of Pareto
solutions is accomplished using a similar approach to Huang and
Bloebaum’s MORTCSSO development, which was in turn based on
GP.
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k
Minimize Y " |f(X) — T| (12)
i=1

Consider the biobjective problem previously considered. At the
start of the evenly distributed range technique, it must be decided if
the range will be set on objective function A or objective function B.
If the range is to be set on objective function A, the final objective
function value for objective A will lie within the prescribed range. In
this research, selection of one objective function over the other is
arbitrary. In practice, selection of the objective function to be more
evenly distributed may be based on designer preference.

If the distribution is applied to objective function FA, the overall
range can be represented as rangeFA = | max FA — min FA|. Letus
then say that we will require a distribution of points to fall within five
different regions within this overall range (i.e., n = 5). Therefore,
with the overall range on objective function A specified, as well as
the number of discrete regions stated, an expression for ¢ is derived as
shown in Eq. (13).

FA
P (13)

n

As the optimization algorithm is executed, the desired range is
shifted based upon the ¢ value (as shown in Fig. 6). The optimization
process continues until the entire region has been explored, thus
forcing the MOPCSSO method code to locate a solution within the
given range. In discretizing the space, a relatively evenly distributed
Pareto frontier will result. Because we only require a resulting Pareto
point to fall within the specified range, and do not require it to be
minimum in the range, it is not perfectly distributed. Although this
could easily be accomplished, this would require a substantially
greater amount of computational effort, with little resulting benefit. It
would be easier to discretize the desired function into smaller
increments, rather than forcing the approach to go to the minimum of
a region.

Extending this concept to a three-objective case is relatively
straightforward and it can then show how the approach is generalized
for an arbitrary number of subspaces (i.e., objectives). Huang and
Bloebaum demonstrate that for MOPs with more than two objective
functions, it is possible to place a desired range on more than one of
the objective functions using MORTCSSO [38]. For a three-
objective case, let us say that objective B and objective C are chosen
as the objectives on which ranges are set. With the location of the
endpoints (minimums and maximums), the overall ranges on
objective B and objective C can be identified. In addition, the number
of discretizations n for each of the subspaces is also specified,
yielding e and & in a similar fashion as was done in Eq. (13).

With these ranges set, it is clear that objective function A does not
have any restrictions on where its minimum should lie. The way in
which the optimization process will be executed is similar to

Range FA
Fig. 6 Range distribution illustration for biobjective problem.

populating an array, as in Eq. (14), in which the size of the array is a
function of the number of discretizations, nz and n.

F,
FgiFei FpiFer -+ FpFe,
FpFeio  FpFe, -+ FpFc,

Fp . . . . ‘ a4
Fy, Fei Fp,Fe Fg, Fe,

The subscripts Fg; and F¢;, as an example, denote the appropriate
range that is being executed. For n = 10, therefore, the first row and
first column position in Eq. (14) denotes the first 10% range on
objective function B and the first 10% range on objective function C.
The matrix is populated across the rows until all ranges of objective
function C have been explored. At this point, objective function B is
then shifted to its next range, F,, and the process continues. The
matrix represented in Eq. (14) is populated for each range increment
on objective functions B and C, while F, is minimized with no
restraint. This concept can be easily applied to problems with more
than three subspaces (i.e., objective functions). In the next section,
three MDO test problems are used to validate all aspects of the
MOPCSSO approach presented in this work.

MOPCSSO Validation

Test Problem Description

In the MDO field, it is recognized that there are no large-scale
practical engineering test problems (i.e., “real-life” problems) that
can be easily identified and used for method testing due to the
inherent complexity of such problems. This has been a recognized
problem in the field since the mid-1980s. Any real-life test problems
that exist are extremely small in size and are therefore not suitable to
use for testing of a large-scale MDO method. The NASA Langley
Research Center MDO Test Suite [39] has classified CASCADE [40]
as a generator of class I test problems, which are useful for testing and
evaluating new MDO methods. Three test problems generated by
CASCADE are used to verify the validity of the three initial CSSO
modifications made in preparation for the full MOPCSSO
development. To demonstrate the feasibility of these modifications,
54 randomly generated initial points are investigated for test
problems 1, 2, and 3, respectively. The initial points are diversely
generated to broadly cover the objective function space.

It should also be recognized that the solution validation for multi-
objective problems has continued to be an extremely difficult issue
for all researchers. To date, the most practical way to achieve
validation is to use visualization to verify the obtained results (for up
to three objective functions). Here, the modified method of feasible
direction (MMFD) [41] is used as the optimizer within each
subspace, the weighted sum approach [22] is used to create the Pareto
frontier for each test problem, and regression techniques (built in the
SIGMAPLOT™) are subsequently used to approximate the
complete Pareto frontier for all test problems. It can be noted that
constructing the approximated Pareto frontiers for test problems 1
and 2 is easy, because there are only two objectives. However, for test
problem 3, which has three objectives, close to 400 different
combinations of weighting parameters (i.e., w; + w, + w; = 1.0,
wy, w,, w3 > 0) were implemented to construct a more accurate
Pareto frontier, as opposed to only 15 combinations for problems 1
and 2. These approximated Pareto frontiers are used as a basis to
compare the results obtained by the proposed method in this
research. All results can be easily visualized in the performance
space. To save space in this paper, the semantics of these test
problems have been omitted. All details for these problems can be
found in Huang’s dissertation [42].

Test problem 1 consists of 2 objective functions, 10 design
variables, 4 behavior variables, and 10 constraints (Fig. 7); test
problem 2 consists of 2 objective functions, 20 design variables,
4 behavior variables, and 15 constraints (Fig. 8); and test problem 3
consists of 3 objective functions, 18 design variables, 6 behavior
variables, and 14 constraints (Fig. 9). The goal in selecting these test
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Fig. 9 Representation of test problem 3.

problems was to investigate differing sizes of problems, with varying
numbers of design variables and constraints within disciplines.

Validation Results

The validation procedure involves four separate investigations
using the three test cases described previously: 1) the viability of the
three modifications to CSSO; 2) the proposed MOPCSSO approach
itself; 3) the identification of the endpoints; and 4) the ability to force
a distribution in the Pareto frontier. The first set of results pertains to
an implementation in which all individual subspace objective
functions are combined into a single weighted objective so as to
investigate the modifications pertaining to design variable allocation,

constraint feasibility, and constraint parameter update. It is necessary
to demonstrate the viability of these modifications before jumping
into the implementation of the MOPCSSO method using these
modifications. The second set of results demonstrates that
MOPCSSO does indeed accurately result in Pareto points. The
third set of results pertains to the issue of identifying endpoints of the
Pareto frontier using MOPCSSO. Lastly, the fourth set of results
shows that a simple modification of the subspace optimization
objective function expressions in MOPCSSO can yield a reasonably
evenly distributed Pareto frontier. These four sets of results are
presented in the next four subsections.

Validation of CSSO Modlifications

Here, the three initial modifications of the CSSO (i.e.,
responsibility coefficient update and design variable allocation
procedures, new p determination procedures, and constraint
minimization procedures) are implemented using a weighted sum
approach to generate a system level objective function, with 54 initial
points investigated for each test problem to determine the ability of
the modified CSSO to find the Pareto frontier. The generated system
level objective function used equal weights of 0.5 for each individual
function (identified as objl and obj2) in test problems 1 and 2, and
0.3333 for each individual function (identified as objl, obj2, and
obj3) in test problem 3.

InFigs. 10a and 11a, the curve represents the approximated Pareto
frontier, the circles represent all the initial points, and the triangles
represent the optimal Pareto values corresponding to test problems 1
and 2, respectively. Figures 10b and 11b show the final results of the
objective function values with respect to each initial point for both
test problems. Diamonds and squares represent the optimal values
corresponding to the individual objective functions, F;(X) and
F,(X), and triangles represent a composite objective function,
F,(X) + F,(X). This composite objective function, identified in the
figure as objall, is not the one being minimized in each subspace in
this initial validation procedure (in which weights were each 0.5).
This composite function was selected to visually demonstrate the
convergence characteristics of the approach across all initial points.

In Fig. 12a, the initial points (cubes) and the final results (spheres)
are displayed in the performance space. The surface represents the
approximated Pareto frontier. The final objective function results
related to each initial point are plotted in Fig. 12b. Diamonds,
squares, circles, and triangles represent the optimum values with
respect to individual objective function F,(X), F,(X), and F;(X)
(identified for simplicity on the figure as obj1, obj2, and obj3), and to
the composite objective function, F(X) + F,(X) + F5(X).

Figures 13a—13c represent the objective function value versus
cycle number corresponding to an arbitrarily chosen initial point (i.e.,
initial point 25 for test problem 1 and initial point 2 for test problem 2,
and initial point 17 for problem 3).

From Figs. 10a, 11a, and 12a, we see that regardless of the starting
point, the method consistently converges to the same final optimal
result. In Figs. 10b, 11b, and 12b, the final results of the system level
objective function associated with each initial point converged to
within 2%. Even though very slight variations might exist in each of
the final individual objective function values, the composite function
is accurate for all points tested. Figures 13a—13c demonstrate that the
composite function decreases throughout the optimization
procedure, while the individual objective functions make appropriate
tradeoffs in a consistent manner. These figures clearly demonstrate
that the modifications implemented to prepare CSSO for a full-
fledged MOP application are viable and provide for a consistent and
reliable solution process.

Validation of MOPCSSO with Subspace Objectives

Now that the three modifications have been demonstrated to be
viable, the full-fledged MOPCSSO method is implemented for the
three test problems. For test problem 1, 55 initial points were
randomly generated. For test problem 2, 54 randomly generated
initial points were used, while test problem 3 had an associated
58 initial randomly generated points.
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In Figs. 14a and 15a, the curve represents the approximated Pareto
frontier, the circles represent all the initial points, and the triangles
represent the Pareto optimal values corresponding to test problems 1
and 2, respectively. Sorted by increasing order of objl value,
Figs. 14b and 15b show the final results of the objective function
values with respect to each initial point related to test problems 1 and
2, respectively. Diamonds and squares represent the optimal values
corresponding to the individual objective functions, obj1 and obj2.
Figures 17a and 17b represent the objective function value versus
cycle number corresponding to an arbitrarily chosen initial point (i.e.,
initial point 25 for test problem 1 and initial point 2 for test
problem 2).

In Fig. 16a, the initial points (cubes) and the final results (spheres)
are displayed in the objective function space. The surface represents
the approximated Pareto frontier. The top view of the final results
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related to each initial point is plotted in Fig. 16b. Figure 17c¢
represents the objective function value versus cycle number
corresponding to initial point 17. Diamonds, squares, circles, and
triangles represent the optimum values with respect to individual
objective function objl, obj2, and obj3, and to the composite
objective function, objall (obj1 + obj2 + obj3), respectively. Recall
that the composite function is used here strictly as a convenience so
that the convergence characteristics of the MOPCSSO method are
more readily apparent.

It is clear from Figs. 14a, 15a, and 16a that the MOPCSSO was
very effective in finding solutions along the Pareto frontier. Further,
from Figs. 14b and 15b, we see that as one objective function
decreases in value, the other increases, in typical Pareto behavior for
competing objectives. Furthermore, as seen in Fig. 17, the individual
objective functions improved simultaneously or at least without

Fig. 14 Test problem 1 result of MOPCSSO.
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Fig. 18 Pareto frontiers with endpoints.

worsening the others during the optimization process. This is
accomplished with the auxiliary constraints introduced from other
subspaces’ objective functions. These auxiliary constraints ensure
that each subspace optimization considers the interests of the other
subspaces while improving its own objective function. The optimal
design process will stop at the point where no further improvement is
possible for any objective, which means that a Pareto optimum is
found.

For all the test problems, convergence of all objective functions
can be seen to be consistent, with the Pareto frontier being reached in
every case. Further, test problem 3 clearly shows that multiple
subspaces (i.e., more than 2) can be easily handled by the MOPCSSO
method. Recall that with MOPCSSO, the negotiation between the
various subspace optimizations occurs automatically due to the
representation of the other subspace objectives and constraints
within each subspace optimization.

One drawback, as previously mentioned, is the randomness in the
resulting Pareto solution, depending on the initial solution. Although
itis true that initial points scattered across the performance space will
yield Pareto points across the Pareto frontier, there is no guarantee of
capturing the entire Pareto frontier. For this reason, two simple
applications are explored in the next two subsections. The first
demonstrates the ease of capturing the endpoints of the Pareto
frontier using MOPCSSO while the second addresses the issue of
achieving a more uniform distribution of Pareto points.

Endpoint Validation

The approach previously described for finding endpoints was used
for all three test problems. Figure 18 shows the endpoints
superimposed on the Pareto frontier for all three test problems. In
Fig. 18c, there is also a point with a path leading down to the Pareto
frontier, for the purpose of demonstrating the path the MOPCSSO
method took for one random starting point. From these figures, we
see that while MOPCSSO managed to capture most of the Pareto
frontier in each case, merely through launching MOPCSSO at
different initial design points, it is obvious that the entire frontier was
not represented. With this simple modification, therefore, endpoints

can be easily found. With this information for each objective, the
desire for a more even distribution can also be addressed.

Achieving a Distributed Pareto Frontier

Here, the MOPCSSO algorithm was run for arange size of 10% of
the overall range, for simplicity. This percentage is a variable that can
be set to whatever is desirable to the designer. Objective function 1
was chosen to have the range restriction imposed upon it, although
similar results were obtained when imposed on objective function 2.
Test points 34 for test problem 1 and 17 for test problem 2 were used
to demonstrate the distribution process. The vertical lines in Fig. 19
and horizontal lines in Fig. 20 are included to show where the 10%
intervals fall for these problems. It is clear that the imposed range on
the objectives results in a distribution of Pareto points across the
entire frontier. Recall that the approach used in this work only
requires finding a Pareto point for which the range is satisfied—not
one for which the minimum of that function is found within the
imposed range. The reality is that generating more points within each
range will automatically provide a more complete Pareto frontier, as
would the expedient of requiring a finer distribution of points. Itis felt
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that both of these solutions would have more value than wasting
computational effort to force a Pareto point to a particular target on
the Pareto frontier.

Conclusions

In this paper, we presented a new approach for solving multi-
objective optimization problems in an MDO context, wherein large-
scale multidisciplinary optimization problems are commonplace.
The results presented here clearly demonstrate the MOPCSSO
method is a feasible and usable optimization approach that has many
potential advantages. By means of the MOPCSSO method, disparate
disciplinary design teams are able to handle the design with their own
criteria (i.e., disciplinary objective, constraints, etc.) while exercising
the tradeoffs that exist between their different interests
(accomplished by introducing the auxiliary constraints into each
subspace). This enables tremendous flexibility, as each design team
can use the analysis and optimization methods most appropriate to
their own discipline within the MOPCSSO structure. Also, in
MOPCSSO, no a priori knowledge is required to obtain the Pareto
results. The Pareto optimum obtained by MOPCSSO simply
depends on the initial design (i.e., the initial value of the design
variables and, therefore, objective functions). The initial design
provided by designers can be regarded as a baseline for the final
solution. By definition, in MOPCSSO, if the initial design is feasible
and a solution exists, the final value of objective functions should be
less to or equal to the initial design. Additionally, with MOPCSSO’s
ability to handle individual objectives simultaneously, it eliminates
the need to formulate an aggregate objective function through the
weighting parameters. Further, it was demonstrated that MOPCSSO
can very easily be used to obtain the endpoints of the Pareto frontier
and that a simple modification in the subspace optimization
objectives can be used to obtain a more evenly distributed Pareto
frontier. These characteristics distinguish MOPCSSO from other
existing MOP methods.

Recall that in the formulation of MOPCSSO, each individual
objective function is considered equally important. Because there is
no accepted definition of global optimum in multi-objective
optimization, the choice about what the best solution is ultimately
depends on human decision making and preferences. Therefore, a
key research issue in future work pertains to obtaining Pareto results
that directly satisfy designer’s preferences within the MOPCSSO
framework.
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